Shape and fission instabilities of ferrofluids in non-uniform magnetic
  fields by Vieu, Thibault & Walter, Clément
This draft was prepared using the LaTeX style file belonging to the Journal of Fluid Mechanics 1
Shape and fission instabilities of ferrofluids
in non-uniform magnetic fields
Thibault Vieu1† and Cle´ment Walter1‡ ¶
1Magiste`re de Physique Fondamentale, Universite´ Paris-Saclay, Baˆt. 470, F-91405 Orsay, France
(Received xx; revised xx; accepted xx)
We study static distributions of ferrofluid submitted to non-uniform magnetic fields. We
show how the normal-field instability is modified in the presence of a weak magnetic field
gradient. Then we consider a ferrofluid droplet and show how the gradient affects its
shape. A rich phase transitions phenomenology is found. We also investigate the creation
of droplets by successive splits when a magnet is vertically approached from below and
derive theoretical expressions which are solved numerically to obtain the number of
droplets and their aspect ratio as function of the field configuration. A quantitative
comparison is performed with previous experimental results, as well as with our own
experiments, and yields good agreement with the theoretical modeling.
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1. Introduction
Instabilities in ferrofluids under external magnetic fields have been widely studied since
the works of Cowley & Rosensweig (1967), from the most fundamental aspects to a wide
range of applications. In the presence of a vertical magnetic field, the competition between
gravity, surface tension and magnetic energy generates various phenomena, from lattices
of spikes in three dimensional layers of fluid, created by the normal-field instability (e.g.
Rosensweig (1985); Gailitis (1977); Friedrichs & Engel (2001); Lange et al. (2007) and
the review by Richter & Lange (2009)) and characterized by the capillary wavelength λc
(see figure 1), to specific patterns in thin ferrofluid layers (e.g. Bacri & Elias 2011), as
the labyrinthine patterns discovered by Cebers & Maiorov (1980). Very thin layers can
even break down into isolated peaks thanks to thickness modulation (Petit et al. 1993;
Bushueva et al. 2011) or separated flat droplets (Chen & Cheng 2008). In the case of
the normal-field instability, an other instability is known to furthermore occur through a
phase transition between a hexagonal lattice to a square lattice (e.g. Gailitis 1977; Abou
et al. 2000; Gollwitzer et al. 2006).
The behaviour of a single peak created by the normal-field instability has been
studied in various field configurations by e.g. Mahr & Rehberg (1998); Friedrichs &
Engel (2000); Lange et al. (2000), and is closely related to the behaviour of a single
droplet, which is widely studied since it has promising applications. An important
issue motivating the fundamental understanding of droplets manipulation is indeed the
creation of microdroplets using non-invasive techniques, as well as their precise control.
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Figure 1. Normal field instability with critical wavelength λc between the peaks.
This leads to direct applications in chemistry, biology and engineering (for a review of
the various possible applications of ferrofluids, see Huebner et al. (2008)). Droplets can
be created in various ways, e.g. in microfluidics, where flow-focusing geometries can be
used to separate droplets and control their size, with or without the help of an external
controllable magnetic field, (e.g. Tan et al. 2010; Yan et al. 2015).
Droplets dynamics submitted to a lateral uniform field on a hyperhydrophobic surface
has also been studied theoretically and experimentally (Brancher & Zouaoui 1987; Se´ro-
Guillaume et al. 1992; Zhu et al. 2011), with the conclusion that the droplet elongates
along the direction of the field, which was also evidenced by Bacri & Salin (1982) in the
case of a droplet immersed in an immiscible fluid. The medium surrounding the droplet
can be either magnetic or non magnetic (Rowghanian et al. 2016). The evolution of the
droplet’s shape is driven by the fluid’s surface tension, gravity and the modulation of the
demagnetization due to dipole-dipole interactions. The problem is usually treated within
a quasi-static approach based on the minimization of the droplet’s energy, where its
shape is considered to be that of an ellipsoid, as done by e.g. Bacri & Salin (1982); Se´ro-
Guillaume et al. (1992); Tyler (2010). Such studies often evidence instability phenomena,
as the topological instability observed experimentally by Barkov & Berkovsky (1980)
and Berkovsky & Bashtovoi (1980): an isolated droplet of magnetic fluid was observed
to fission when the uniform applied magnetic field was increased above some threshold.
This phenomenon was then theoretically described by Berkovsky & Kalikmanov (1985)
with an approach based on the comparison of the energy of the initial droplet and the
energy of the two daughter droplets. The main results of these works are summarized
in Berkovsky et al. (1993) with the conclusion that the breakup threshold is more and
more difficult to reach as the initial volume is decreased, and the existence of a minimal
volume allowing the fission was pointed out.
In most of the aforementioned studies, the external magnetic field is uniform and the
phenomena mostly driven by the demagnetization dynamics. The effects of a magnetic
field gradient have scarcely been considered, although pioneer works should be mentioned,
as the theoretical study by Zelazo & Melcher (1969) where a plane layer of magnetic fluid
in a vertical and possibly non-homogeneous magnetic field was considered, and a new
dispersion relation obtained. Later, Catherall et al. (2003) experimentally corroborated
these findings using paramagnetic liquid oxygen.
Other studies also carried out experiments on various geometries of ferrofluids subject
to an inhomogeneous magnetic field in different contexts. Rupp et al. (2003) built an
original experimental setup for their work, where they submitted a ring of ferrofluid spikes
to sinusoidal excitations of varying amplitude, using the inhomogeneous field to trap the
droplets along the sharp edge of a cylindrical electromagnet and to induce the excitation.
The study of the stable rupture of a ferrofluid layer on a liquid substrate in the shape
of a perfect circle when submitted to an inhomogeneous axisymmetric vertically aligned
magnetic field was then investigated by Bushueva et al. (2011), and drops were observed
to form periodic well-ordered structures along the boundary of the rupture in the case
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Figure 2. Illustration of the interpretation from Timonen et al. (2013) of the characteristic
magnetic wavelength λM , which decreases when the magnetic field gradient increases (hence
when a magnet is approched). When the characteristic wavelength λM is larger than the droplet’s
diameter (top panel), the fluid is stable, whereas when the characteristic wavelength λ′M is
smaller than the droplet’s diameter (bottom), the droplet undergoes a fission.
of sufficiently thick layers. The presence of an inhomogeneous magnetic field was also
considered as a stabilizing effect by Rannacher & Engel (2006) in their study of solitons
on a cylindrical ferrofluid surface, where they showed that a sufficiently strong magnetic
field generated by a current-carrying wire at the center of the column of ferrofluid (i.e. a
field parallel to the surface) could prevent the breakdown of the fluid column (Rayleigh-
plateau instability). Simple models are able to account for such stabilizing effect due to
the gradient produced by a current-carrying wire, as reviewed in Berkovsky et al. (1993).
They can also describe the formation of the conical meniscus of fluid surrounding the
wire if the latter is initial placed in a pool of ferrofluid (Rosensweig 1985).
Recently, Timonen et al. (2013) showed that a ferrofluid droplet submitted to a non-
uniform magnetic field is observed to split into two daughter droplets. They mostly
focused on describing the dynamical properties of the created lattice of droplets, giving
a qualitative explanation of the separation process. They observed that the gravity and
the surface tension alone cannot explain the fission of small droplets, and neither can
the demagnetization dynamics: a magnetic field gradient seems necessary for this phe-
nomenon to occur. They introduced it through an analogy with the capillary wavelength,
providing us with a magnetic wavelength λM , which depends on the field gradient. This
critical length is interpreted as follows: a fission is observed when the droplets’ diameter
is larger than λM (see figure 2).
In this paper, studying a similar system of ferrofluid droplets (of the order of 10 µL)
in a non-uniform magnetic field, we will quantitatively characterize the evolution of the
shape of the droplets and derive the number of created droplets as function of the initial
volume of fluid, the fluid properties, and the external field configuration. In section 2.1,
we derive with few assumptions a general expression for the potential of a ferrofluid
distribution submitted to a non-uniform field. This expression can be used as a basis
for further theoretical studies and is suitable for numerical simulations. In section 2.2
we show how the peaks of the normal-field instability behave in presence of a weak
magnetic field gradient. Then we turn to the main purpose of this paper: the study of
the shape and fission of droplets submitted to a non-uniform magnetic field. Sections
2.3, 2.4 and 2.5 provide a theoretical modelling which is solved numerically in section
2.6 and eventually compared with previous experimental results. Our theoretical results
are finally confronted with our experiments in sections 3 and 4, focusing on the first
separation from one droplet to two daughter droplets.
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2. Theoretical study
Let us consider a distribution of ferrofluid (which may describe a flat layer as well as
droplets), lying on a horizontal non-magnetic flat support, vertically aligned with the
center of a permanent magnet placed underneath, as illustrated by figure 3.
We consider the magnet to be approaching sufficiently slowly to be in the quasi-static
regime. From an energetic study, we will derive the distribution of the ferrofluid height
h(x, y) on the support.
2.1. Surface potentials
For a ferrofluid column of height h(x, y) along the z direction and positioned in (x, y),
the surface potentials due to gravity and surface tension, and the volume potential due
to the magnetic interactions are respectively written (Rosensweig 1985, 1987; Bacri &
Elias 2011):
d2Up[h] = ρg
∫ h
0
z dz = ρg
h2
2
d2Ut[h] = σ
√
1 + (∇h)2
d3Um = −µ0
∫ Ha
0
dha ·M(H) (2.1)
with ρ the fluid density, g the gravitational acceleration, σ the fluid surface tension
coefficient,Ha the applied field,M the ferrofluid magnetization andH the magnetic field
modified by the presence of the fluid. In this theoretical study, we neglect the effect of the
lying surface, assuming it either superhydrophobic or absent (if for instance the droplet
is immersed in another fluid). Note that even if the surface is not superhydrophobic, its
contribution to the total energy may be negligible.
For the geometries under consideration (e.g. flat layer or ellipsoidal droplet(s)), the
induced field H and the applied field Ha can be related through the following self-
consistent equation (Rosensweig 1985):
H = Ha −NM(H) (2.2)
where N is the demagnetization factor, which encodes the interactions between the
magnetic particles inside the fluid. When dealing with a non uniform field, relation (2.2)
is not well-defined. In particular, it is not obvious that a demagnetization factor can be
defined. Appendix A shows that in an inhomogeneous field it is not possible to obtain
a local relationship of type (2.2), but it is possible to define a “demagnetizing series”
Nn(a; r), as:
H = Ha −
∞∑
n=0
Nn(a; r)
∂nM
∂zn
∣∣∣∣
a
(2.3)
with a any height inside the fluid distribution. In this approach, the demagnetization
factor N in relation (2.2) is the first term of the series, N0(a; r). Considering averages,
one can show that the second term of the series vanishes, so that relation (2.2) is also
true at first order.
Note that a thorough study of the effect of a non-uniform magnetic field on the
magnetization is beyond the scope of our paper. We focus on the effect of the magnetic
forces (due to the magnetic field derivatives), and not on the effect of the non-uniform
magnetization. This would be an interesting and, as far as we know, new study. However,
in most cases, the magnetization curve can be approximated by a linear function (using
Shape and fission instabilities of ferrofluids in non-uniform magnetic fields 5
 
𝒛 
(𝒙, 𝒚) 
Figure 3. Diagram of the studied system.
the differential susceptibility), so that terms beyond the first order in equation (2.3) are
not relevant.
We assume the spatial extension of the magnet in the horizontal plane (x, y) to be
large compared to that of the ferrofluid. We can thus suppose the magnetic field to be
uniform inside the droplets along the horizontal plane, and the magnetization aligned
with the external field along the vertical axis. In particular, this amounts to neglecting
the horizontal gradient.
For simplicity, we will consider in this section a linear relation for the magnetization:
M(H) = χH (2.4)
H(Ha) =
Ha(z)
1 +N(z)χ
(2.5)
and we will reduce the non uniformity of the magnetic field to its gradient:
Ha(z) ' Ha(0) + z ∂Ha
∂z
∣∣∣∣
0
(2.6)
A development taking into account the full Taylor expansion in a generalized regime
for the magnetization is proposed in Appendix B. Note that in order to compare with
experiments we will need to use the generalized regime for the magnetization. The final
expression given by equation (B 17) is also suitable for numerical simulations, if one wants
for instance to include higher order derivatives of the magnetic field.
In the simplified approach, the magnetic volume potential reads:
d3Um = −µ0
2
Ha(z)χH(Ha) (2.7)
and the magnetic surface potential is:
d2Um[h] = −µ0
2
∫ h
0
dz H(Ha(0))χHa(0)− µ0χHa(0) ∂Ha
∂z
∣∣∣∣
0
∫ h
0
dz
z
1 +N(z)χ
− µ0χ
2
(
∂Ha
∂z
∣∣∣∣
0
)2 ∫ h
0
dz
z2
1 +N(z)χ
(2.8)
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Integrating by parts the second term leads to:
d2Um[h] = −µ0
2
∫ h
0
dz H(Ha(0))χHa(0) +
h2
2
FM − µ0χ
2
(
∂Ha
∂z
∣∣∣∣
0
)2 ∫ h
0
dz
z2
1 +N(z)χ
− µ0χHa(0) ∂Ha
∂z
∣∣∣∣
0
∫ h
0
dz
χ
2
z2
(1 +N(z)χ)2
∂N
∂z
(2.9)
where
FM ≡ −µ0 ∂Ha
∂z
∣∣∣∣
0
χHa(0)
1 +N(h)χ
(2.10)
The first term of equation (2.9) is the usual magnetic potential considered in several
papers on the Rosensweig instability, e.g. Friedrichs & Engel (2001); Lange et al. (2007). It
cannot be directly integrated because H depends on the interface of the fluid distribution
through its boundary conditions. The second term is the gradient contribution: it comes
from the homogeneous volume force applied in the whole ferrofluid distribution by the
magnet. The third term is a squared gradient contribution, which is opposed to the
gradient contribution. The last term is the contribution from the inhomogeneity of the
magnetization. Appendix A shows that in most cases this inhomogeneity is not expected
to come from the inhomogeneity of the applied field: its main origin should be the
geometry of the sample, as for uniformly magnetized samples.
The total surface potential reads:
d2U [h] =
h2
2
(ρg + FM ) + σ
√
1 + (∇h)2 − µ0
2
∫ h
0
dz H(Ha(0))χHa(0)
− µ0χHa(0) ∂Ha
∂z
∣∣∣∣
0
∫ h
0
dz
χ
2
z2
(1 +N(z)χ)2
∂N
∂z
− µ0χ
2
(
∂Ha
∂z
∣∣∣∣
0
)2 ∫ h
0
dz
z2
1 +N(z)χ
(2.11)
We can already predict from the above expression three different regimes for the external
parameters, leading to different behaviours of the ferrofluid:
First, in the limit case of a weak gradient and a high demagnetization, the physics of the
ferrofluid is driven by its demagnetization, which corresponds to the study of Rosensweig,
and spawns a normal-field instability. We can then keep the leading order terms only, i.e
the first 3 terms, and extract a critical magnetic field at which the instability appears,
characterised by a modified field-dependent wavelength λ. We investigate this in section
2.2.
Second, in the high gradient and low demagnetization regime, the gradient plays the
main role, essentially through the term FM . In this regime, a single droplet can be
observed to fission. We focus on this phenomenon in section 2.5.
Third, in the “in-between” regime, there exist various instabilities leading to first
or second order phase transitions in the evolution of a droplet’s aspect ratio. This is
described in sections 2.3 and 2.4.
2.2. Rosensweig instability in a non-uniform magnetic field
The first observed behaviour of the ferrofluid distribution when slowly increasing the
magnetic field is the so-called Rosensweig instability. From the more general expression
of the surface potential given by equation (B 17), taking the demagnetization to be
homogeneous inside the fluid and equal to the one in the usual case of an uniformly
magnetized layer, as prescribed by our generalization of the demagnetizing field given
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Figure 4. Rosensweig instability experiment in the case of a non-uniform magnetic field. A large
neodymium permanent magnet is slowly approached toward a thin layer of ferrofluid (with depth
of a few tenth of millimeters) from below. We see in picture (a.) the apparition of the spikes
characteristic of the normal-field instability, located above the center of the magnet. The number
of spikes increases as the magnet gets closer, as shown in picture (b.). In (c.) we observe that,
because of the growing magnetic field gradient, the spikes are getting closer to one another. The
spikes are then separated in individual droplets since the original ferrofluid layer is significantly
thin.
in appendix A, and keeping only the first order terms in h, we can write the surface
potential as:
d2U [h] =
h2
2
α+ σ
√
1 + (∇h)2 − µ0
∫ h
0
dz
∫ Ha(0)
0
dhaM(H) (2.12)
where
α ≡ ρg + F˜M ≡ ρg − µ0 ∂Ha
∂z
∣∣∣∣
0
M(Ha(0))
1 +Nχ˜
(2.13)
and χ˜ is the differential susceptibility:
χ˜ ≡ ∂M
∂H
∣∣∣∣
Ha(0)
(2.14)
Equation (2.12) is mathematically equivalent to the surface potential usually written
when describing the Rosensweig instability of a ferrofluid submitted to an uniform field
Ha(0) within an energetic formalism first used by Gailitis (1977). The non-uniformity
of the field reduces, under our assumptions, to a modified contribution of the gravity
within α.
From here, writing the height h as a superposition of plane waves, it can be shown
that the amplitude A of a perturbation at the surface of the fluid grows as:
A ∼ < (e−iωt) (2.15)
with the frequency ω related to the wavevector k through the following dispersion relation
(e.g. Cowley & Rosensweig 1967; Rosensweig 1985; Salin 1993; Abou 1998; Andelman &
Rosensweig 2009):
ρω2 = k
(
σk2 + α− µ0M
2
1 + 1r
k
)
(2.16)
with M ≡ M(H(Ha(0))) the magnetization, r the dimensionless permeability ratio, µc
the chord permeability, µt the tangent permeability:
r =
√
µ20
µcµt
µc =
µ0Ha(0)
H(Ha(0))
µt = µ0
∂Ha
∂H
∣∣∣∣
H(Ha(0))
(2.17)
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This dispersion relation is valid without assuming a linear relation for the magnetization
(Cowley & Rosensweig 1967; Andelman & Rosensweig 2009). Even though the magne-
tization is often considered linear, the case of a non-linear magnetization has also been
studied by e.g. Knieling et al. (2007); Lange et al. (2016).
If ω2 > 0, any disturbance will develop at the interface of the fluid, which signals an
instability resulting in the creation of a pattern of spikes. The neutral stability is therefore
defined by ω = 0, and the flat layer is unstable if there exist a wavevector fulfilling this
condition, i.e. the discriminant of equation (2.16) is positive:(
µ0M
2
1 + 1r
)2
− 4ασ > 0 (2.18)
This defines the critical magnetization (reached at a critical field Hca), above which the
normal-field instability is observed:
M c =
(
4
σα
µ20
(
1 +
1
r
)2)1/4
(2.19)
For M > M c, a pattern of spikes develops at the surface of the fluid. The distance
between two spikes is related to the wavelength of the most unstable mode ωm, i.e. the
one with the maximum growth rate (e.g. Bashtovoi et al. 1985):
dω
dk
∣∣∣∣
ωm
= 0 (2.20)
Together with the dispersion relation (2.16), equation (2.20) gives the characteristic
wavevector k0 and the corresponding characteristic wavelength λ of the pattern. Placing
ourselves at the point of appearance of the instability, we get:
k0 =
√
α/σ (2.21)
λ = 2pi
√
σ
α
=
((
1
λc
)2
+
(
1
λM
)2)−1/2
(2.22)
where we introduced the capillary wavelength λc (which is the characteristic wavelength
of the normal-field instability in uniform field (Rosensweig 1985)) and the characteristic
wavelength from the magnetic field gradient λM , which are defined by:
λc ≡ 2pi
√
σ
ρg
λM ≡ 2pi
√
σ
F˜M
(2.23)
These expressions reflect the competition between gravity and surface tension, which
tend to flatten the distribution, and the magnetic interactions, which tend to increase
the interface area. From equation (2.22) we can distinguish two regimes: a low gradient
regime, providing us with λ ∼ λc, in which the uniform contribution is prevalent and
the gradient only slightly increases the value of the critical magnetization, and a high
gradient regime, in which λ ∼ λM , dominated by the gradient. If the gradient is too high
the instability might never appear (in particular if the critical magnetization is above
the saturated magnetization). In this second regime, the critical wavelength has been
identified in Timonen et al. (2013) as an important criterion in the description of the
fission of ferrofluid droplets.
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Figure 5. Left: Evolution of the field-dependent wavelength as function of the distance from
a typical neodymium magnet of intrinsic magnetization M0 = 950 kA/m, height 4 cm, radius
1 cm, and various saturated magnetizations. Equation (2.2) is used to obtain the field strength
and field gradient as function of the distance. The other parameters are σ = 50 mN/m, ρ = 2000
kg/m3, χ = 1. Right: Dispersion relation corresponding to Ms = 20 kA/m (green curve of the
left plot), at different distances from the magnet.
The dispersion relation (2.16) has been obtained by mapping the problem of a non-
uniformly magnetized ferrofluid layer to the problem of an uniformly magnetized layer,
and applying the linear stability analysis known in the latter case. Interestingly, the full
linear stability analysis in the case of an inhomogeneous applied field has been carried out
by Zelazo & Melcher (1969), and leads to the same dispersion relation. This theoretical
result has later been experimentally corroborated by Catherall et al. (2003) using liquid
oxygen in a magnetic field gradient. They measured the critical magnetic field and the
peak separation as function of an effective gravity g˜ defined, in our notations, as:
g˜ ≡ α/ρ (2.24)
The relations M c ∝ g˜1/4 and λ ∝ g˜−1/2 were in very good agreement with the
experiments, which shows that the main impact of a magnetic field gradient on a
paramagnetic fluid is to redefine the gravitational acceleration. This is also summarized
by Berkovsky et al. (1993), who substitute the gravitational force by an effective value:
(ρg)eff ≡ ρg − µ0M ∂H
∂z
(2.25)
Interestingly, such mathematical analogy is used in Timonen et al. (2013) to describe the
fission of a ferrofluid droplet in a magnetic field gradient with the magnetic wavelength
λM , although they give no further justification to it. We will investigate this in section 2.5.
In the case of a layer of fluid, we see that the gradient introduces two important
corrections. First the critical magnetization M c is field-dependent and increases with
the gradient: the gradient stabilizes the distribution. Stabilizing effects of non-uniform
magnetic fields were indeed observed by Zelazo & Melcher (1969) and are known in
the case of a ferrofluid column surrounding a current-carrying wire (e.g. Rannacher &
Engel 2006). Second, the characteristic wavelength λ is also field-dependent, so that the
distance between the spikes at onset of the instability is impacted by the gradient, in
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particular not expected to be equal to the capillary wavelength as shown by Catherall
et al. (2003).
Moreover, pursuing the linear analysis beyond the threshold in the thick-film regime
allows one to find the characteristic wavelength of the evolved pattern, corresponding to
the wavevector of the most unstable mode, i.e. the solution of equation (2.20):
k =
(
µ0M
2
1 + 1r
+
√
∆
)
1
3σ
, ∆ =
(
µ0M
2
1 + 1r
)2
− 3ασ (2.26)
which implies that the peaks should get closer and closer as the magnetic field is increased.
This result was already obtained by Abou et al. (1997); Lange et al. (2001) in the case
of an uniform magnetic field. Equation (2.26) shows that the increasing gradient of a
non-uniform magnetic field slows down this effect. Note that the evolved pattern, made
of sharped spikes, is nonlinear so that a quantitative agreement between equation (2.26)
and experiments is not expected. In order to do relevant quantitative predictions, one
has to carry a nonlinear analysis, as done in e.g. Gailitis (1977); Friedrichs & Engel
(2001); Lange et al. (2007). This is left for future work. We nevertheless investigated
this behaviour qualitatively by performing an elementary experiment, considering a thin
layer of ferrofluid and slowly increasing the magnetic force by approaching a magnet from
below. We observed, beyond a threshold, the appearance of spikes in a hexagonal pattern
similar to the one typically observed beyond the normal-field instability threshold, as
shown in figure 4. Then, when the magnet is approached beyond this threshold, the
peaks are observed to get closer and closer, as predicted by equation (2.26).
Importantly, since the critical magnetization increases with the gradient, there is no
guarantee that the condition (2.18) is always fulfilled after the instability threshold if
one keep increasing the field beyond the critical value. A first order phase transition
may occur at some point, making the whole distribution to suddenly collapse to a flat
interface. This is shown in figure 5 where is plotted the value of the wavelength as a
function of the distance to a typical neodymium magnet (detailed input values are given
in the caption), where 1/r was put to 1 for simplicity and the magnetic field is computed
using the expression of the field created by a finite solenoid (e.g. Camacho & Sosa 2013):
Ha =
M0
2
(
d+ h√
(d+ h)2 +R2
− d√
d2 +R2
)
As the magnet approaches (from right to left in the plot), we can first see the
appearance of the instability, i.e. the formation of spikes, followed by a smooth but quick
decrease of the wavelength, i.e. the decrease of the distance between the spikes. Then,
as the contribution of the gradient gets higher, the magnetization may return below the
threshold so there is no more instability (the frequency ω is imaginary). The perturbed
interface therefore collapses to the initial flat distribution. Note that in this theoretical
example, for Ms . 16.4 kA/m, the normal-field instability never appears.
Such transition was not observable in our qualitative experiment shown in figure 4 be-
cause the magnetization of our ferrofluid was too high, and neither was the morphological
transition from the hexagonal pattern to a square pattern.
The kind of phase transition evidenced here, due to the competition between the
uniform magnetic field contribution and the magnetic field gradient, will have its equiv-
alent in the case of a single ferrofluid droplet studied in section 2.3. The uniform
contribution, which elongates the spikes, will equivalently stretch the droplet, while the
gradient contribution, which flattens the spikes, will equivalently flatten the droplet until
inducing a first order phase transition from a prolate ellipsoid to an oblate ellipsoid.
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Figure 6. Typical distributions adopted by the ferrofluid (various initial volumes and external
fields), showing the different phases leading to the fissioning of a droplet into several sub-droplets
as the applied magnetic field and magnetic field gradient are increased. a. Vertical stretching.
b. Splitting phase. c. Distribution of fluid after fission. d. Creation of several droplets. The
amount of fluid is huge in the second picture in order to capture the transition, but it is not
representative of our experiments.
The fundamental mechanism of such transition is exactly the same as for the transition
evidenced in figure 5.
Just as this last remark shows a bridge between the peaks creation and the evolution
of the shape of a droplet, a similar connection can be made with the droplet’s fission
phenomenon. Indeed, our qualitative experiment displayed the fission of the peaks once
the magnet was close enough to the ferrofluid, like if they were droplets lying on the
ferrofluid film they originated from. This phenomenon is similar to the one evidenced by
Timonen et al. (2013) for a single droplet on a hyperhydrophobic surface, and on which
we focus in section 2.5. We can also see on picture (c.) of figure 4 that, starting with
a very thin layer, we end up at high field with separated spikes which form individual
droplets. This change of topology, recently studied by Bushueva et al. (2011), is due to
the fact that the layer is not thick enough for peaks to appear, hence several separated
droplets are created instead of several peaks. Bushueva et al. (2011) indeed observed that
the critical magnetic field imposing such breakup is proportional to the thickness of the
layer.
2.3. Evolution of the shape of a single ellipsoidal droplet
We now turn to the main study of this paper and investigate the behaviour of a
ferrofluid droplet in a non-uniform magnetic field, again created by approaching a magnet.
We do not consider a layer of fluid anymore but an ellipsoidal droplet. The theoretical
modeling is in the same spirit as the energetic study done by Bacri & Salin (1982).
The experimental observation we want to explain is the following: when the magnet
is approached, moving along the vertical direction, the droplet lengthens and slims until
it suddenly splits into smaller droplets. If we bring the magnet even closer, the droplets
split again, and so on, creating henceforth numerous droplets, whose volume shrinks with
each division. As observed by Timonen et al. (2013), the splitting is irreversible since
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the droplets’ inertia spawns a distance of separation which can no longer be overcome.
Figure 6 illustrates the steps leading to the fission in several droplets. Timonen et al.
(2013) provide high-quality videos of the phenomenon under interest (see in particular
movies S1 and S3).
The physical reason underlying this phenomenon is similar to the one responsible for
the appearance of the peaks of the normal-field instability: beyond the threshold, the
cost of energy of the increased surface of the droplets is smaller than the loss of magnetic
energy due to their increased interface.
In this section we focus on the evolution of the aspect ratio, i.e. before the fission
occurs. In the next section we investigate the fission phenomenon.
We start the modeling by computing the previously derived potential for an ellipsoidal
geometry. In most of the previous studies, the linear regime M = χH was assumed for
the magnetization. In our case (and also for the setup of Timonen et al. (2013)), we are
working with high magnetic fields and the magnetization is in an intermediary regime,
closer to saturation. We should therefore use the generalized potential, given in Appendix
B by equation (B 17). We keep the first and second magnetic field derivatives, as well as
the gradient squared term, but not the product of the gradient and the second derivative
nor higher order terms. As justified in appendix A, we take the demagnetization factor
equal to the demagnetization factor of an uniformly magnetized ellipsoid, which is (Bacri
& Salin 1982; Brancher & Zouaoui 1987; Tyler 2010):
N =
1− e2
2e3
(
−2e+ ln
(
1 + e
1− e
))
(2.27)
where e ≡ √1−K2 is the eccentricity, K ≡ L/A is the inverse aspect ratio, A and L are
respectively the major and minor axes.
Under those approximations, the general potential of the ellipsoidal fluid distribution
reduces to:
U = α
∫ A
0
dzA(z)z+σS−µ0V
∫ Ha(0)
0
dhaM(H)−σ 2B∇
4
1
1 +Nχ˜
∫ A
0
dzA(z)z2 (2.28)
where α = ρg + F˜M and:
B∇ ≡ µ0
σ
(
∂2Ha
∂z2
∣∣∣∣
0
M(Ha(0)) +
(
∂Ha
∂z
∣∣∣∣
0
)2
χ˜
)
(2.29)
V = piAL2/6 is the ellipsoid volume, A(z) = L2pi(A− z)z/A2 is the area of the section
of the ellipsoid at height z, S = ALpi2
(
K + 1e arcsin e
)
is the ellipsoid surface with e its
eccentricity.
A and L are related to the inverse aspect ratio thanks to the following:
A = 2R0K
−2/3 L = 2R0K1/3 (2.30)
where R0 defined through V ≡ 4/3piR30 is the radius of the equivalent sphere.
Finally the potential U˜ ≡ U/(2piσ) is:
U˜ =
8pi2R40
3
K−2/3
λ2
+R20f(K)−
2R30
3
µ0
σ
∫ Ha(0)
0
dhaM(H)− 2R
5
0
5
B∇K−4/3
1 +Nχ˜
(2.31)
where λ = 2pi
√
σ
α , given by equation (2.22), and
f(K) ≡ K−1/3
(
K +
arcsin e
e
)
(2.32)
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In order to compute the magnetic integral in equation (2.31), we use the same
approximation as in Appendix B, generalizing the linear regime for the magnetization as
follows:
M(H) = M(Ha −NM(H)) 'M(Ha)−NM(H) ∂M
∂H
∣∣∣∣
Ha
M(H) 'M(Ha)
(
1 +N
∂M
∂H
∣∣∣∣
Ha
)−1
(2.33)
which is valid either for a small demagnetization factor (which is in general the case for
an ellipsoid, N . 0.3) or when the second derivative of the magnetization is negligible
(it is in particular exact in the linear regime).
We separate the magnetic integral into two linear parts, defining H∗ such that:
χH∗ = M(Ha(0))− χ˜Ha(0) + χ˜H∗ (2.34)
where χ is the initial susceptibility and χ˜ ≡ ∂M∂H
∣∣
Ha(0)
the differential susceptibility.
The magnetization curve is therefore approximated by two connected straight lines:
∀ha < H∗ M(ha) = χha
∀ha > H∗ M(ha) = M(Ha(0))− χ˜Ha(0) + χ˜ha (2.35)
The integral becomes:∫ Ha(0)
0
dhaM(H) =
∫ H∗
0
dhaM(H) +
∫ Ha(0)
H∗
dhaM(H) =
σ
2µ0
(
Bm,1
1 +Nχ
+
Bm,2
1 +Nχ˜
)
(2.36)
where
Bm,1 ≡ µ0
σ
χH2∗ (2.37)
Bm,2 ≡ µ0
σ
χ˜
(
(Ha(0)
2 −H2∗ ) + 2
χ− χ˜
χ˜
H∗(Ha(0)−H∗)
)
(2.38)
Finally the potential is:
U˜(K)
R20
=
3
2
R20BλK
−2/3 + f(K)− 2R
3
0
5
B∇K−4/3
1 +N(K)χ˜
− R0
3
(
Bm,1
1 +N(K)χ
+
Bm,2
1 +N(K)χ˜
)
(2.39)
where
Bλ ≡ 16pi
2
9λ2
(2.40)
Note that Bλ is shape-dependent because of the presence of χ˜N in F˜M . However, this
product is very small since we are usually close to the saturated regime. We therefore
neglect this shape-dependency in the analytical study.
This potential, function of four dimensionless control parameters R20Bλ, R
3
0B∇,
R0Bm,1, R0Bm,2 contains a rich structure depending on the relative strength of the
parameters. The evolution of the droplet’s shape is driven by the competition between
the gradient, the gravity, and the surface tension contributions, which tend to flatten the
droplet, and the squared gradient, the second derivative of the magnetic field, and the
demagnetization, which tend to stretch the droplet. For simplicity, we will now restrict
the analysis to the “weak gradient regime” defined by R0B∇  Bλ. We therefore fix
B∇ to zero. Qualitatively, B∇ enhances the effect of the demagnetization: K decreases
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Figure 7. Aspect ratio instability for Bλ = 0. Solid lines show stable minima, dotted lines
show unstable maxima. R0Bm is used as control parameter.
when B∇ is increased, hence the droplet stretches more. Importantly, we notice that
the potential (2.39) is not bounded from below in the high gradient limit R0B∇  Bλ.
According to equation (2.39), there exists a threshold beyond which the aspect ratio
diverges to infinity, which is of course non physical. In fact, the limitation to the gradient
and second derivative breaks down when the height of the droplet is very high, since
the Taylor expansion of the magnetic field is done in terms of z. Higher order terms
in hn, n > 3 should be taken into account in order to counter the squared gradient
contribution and suppress the divergence. Note however that gradients created by usual
magnets are much too weak to encounter such issue.
Table 1 provides orders of magnitudes for the four dimensionless numbers, from the
data provided by the work of Timonen et al. (2013). We notice that B∇ can indeed be
neglected, as well as χ˜ if the field is not very small. Note however that both terms will
be taken into account as additional corrections in the numerical resolution of section 2.6.
Neglecting B∇, the minimization of the potential with respect to K gives:
0 = −R20BλK−5/3 + f ′(K) +
R0
3
N ′(K)
(
χBm,1
(1 +N(K)χ)2
+
χ˜Bm,2
(1 +N(K)χ˜)2
)
(2.41)
For χ˜ χ, this can be simplified to†:
R0Bm =
(1 +N(K)χ)2
χN ′(K)
(
R20BλK
−5/3 − f ′(K)
)
(2.42)
where
Bm ≡ 1
3
µ0
σχ
M(Ha(0))
2 (2.43)
For Bλ = 0 and χ  1 we retrieve the diagram showing the bistability observed by
† This is also true in the linear regime χ˜ = χ but then the product N(K)χ˜ can not be
neglected anymore.
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Figure 8. Left: Modification of the aspect ratio instability for Bλ > 0, with the apparition of
a threshold and the suppression of the stable branch (solid line) at K ∼ 1 for high values of
R20Bλ. Here, χ = 50. The yellow curve is the same as the yellow curve of figure 7 (χ = 50,
R02Bλ = 0). Right: First order phase transition for χ = 50, R
2
0Bλ = 1.5 (corresponding to
the green curve). From highest to lowest curve: R0Bm = 15, 18, 20, 21, 22, 24. A shift has been
applied to the curves in order to have the same value at K = 1.
Bacri & Salin (1982), which is shown in figure 7. The aspect ratio increases with the
magnetic field strength. For small susceptibilities, this increase is continuous, as in the
experimental and numerical study done by Zhu et al. (2011). For strong susceptibilities,
there is a first order phase transition at some point: the aspect ratio jumps from a low
value to a higher value. This was observed by Bacri & Salin (1982) for a droplet in
an immiscible fluid, where the ferrofluid was characterized by an effective susceptibility
χ = (µ2 − µ1)/µ1 where µ2 and µ1 are respectively the ferrofluid permeability and the
surrounding fluid permeability. Such very strong susceptibilities are not unrealistic in the
case of very concentrated ferrofluids as the one used by Bacri & Salin (1984).
For R20Bλ 6= 0, equation (2.42) provides modified diagrams as plotted in figure 8.
We observe the appearance of a threshold for the control parameter R0Bm: for a given
R20Bλ 6= 0, the stable branch does not start at R0Bm = 0, hence nothing happens (K is
equal to 1) until the magnetic field strength reaches the threshold. Beyond this threshold,
there is either the same type of first order phase transition as before, for small values of
R20Bλ 6= 0, or a new transition. In the first case, the first part of the branch is stable,
hence the aspect ratio increases continuously until it reaches the unstable branch and
jumps to a much higher value. In the second case, once the threshold is reached, the
system enters right away into an unstable state, and thence jumps immediately to a
much higher aspect ratio. In both cases, before the critical threshold, the second stable
equilibrium is separated from the initial one by a barrier of potential, as shown by the
right plot of figure 8. This barrier decreases as Bm increases until it vanishes when Bm
reaches the threshold.
The minimization condition can be rewritten to link the aspect ratio to the parameter
Bλ:
R20Bλ =
(
R0Bm
χN ′(K)
(1 +N(K)χ)2
+ f ′(K)
)
K5/3 (2.44)
The left plot of figure 9 shows the corresponding diagram, i.e. the evolution of the
inverse aspect ratio K as function of the control parameter R20Bλ. The droplet flattens
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Figure 9. Left: Instability for Bλ > 0, with χ = 20. Solid line parts are stable, dotted line parts
are unstable. Right: First order phase transition for χ = 20, R0Bm = 5 (corresponding to the
blue curve). From lowest to highest minimum: R20Bλ = 0.32, 0.33, 0.34, 0.36, 0.38. A shift has
been applied to the curves in order to have the same value at K = 1.
as R20Bλ increases, and may reach an unstable branch: we therefore identify a third
possibility of first order phase transition, now with R20Bλ as control parameter. Although
the droplet starts to flatten continuously, it suddenly collapses to a shape closer to that of
a sphere (K = 1) at some point, and then evolves continuously towards a spherical shape
as shown by figure 9. For high enough values of R0Bm the droplet directly collapses to
K > 1 once the instability is reached. Since the potential (2.39) was derived assuming
a prolate ellipsoidal shape, it is not possible for now to investigate the behaviour for
K > 1. It will be the purpose of the next section, where we will see that the transition in
fact occurs from a prolate (K < 1) to an oblate (K > 1) ellipsoid, with nothing special
about the spherical shape (K = 1).
This third phase transition corresponds to the one described in the previous section
in the case of a thin layer of ferrofluid, and shown by figure 5. It is interesting to note
the similarity of those two first order phase transitions despite the discrepancies in the
considered system and the employed formalism.
Figure 10 shows the phase diagram (R0Bm, R
2
0Bλ), i.e. the value of the aspect ratio
1/K corresponding to the deepest minimum of the potential for each couple of parameters
(R0Bm, R
2
0Bλ). A single transition line is evidenced. For small susceptibilities, the
transition is second order (e.g. blue and red curves of figure 7), i.e. the aspect ratio
starts increasing or decreasing continuously as the transition line is crossed. For high
susceptibilities, the transition is first order and corresponds to the previous diagrams
(1/K,R0Bm) and (K,R
2
0Bλ) (figures 8 and 9). We see here that the previously evidenced
transitions correspond in fact to the same transition, namely the crossing of the line
in the phase diagram. It can be either crossed from low aspect ratio to high aspect
ratio, increasing Bm, or from high aspect ratio to low aspect ratio, increasing Bλ: the
gradient contribution enhances the effect of gravity and flattens the droplet, while the
demagnetization contribution tends to increase the interface area.
Note that, in general, the behaviour of the droplet as function of an approach-
ing magnet will be a combination of the previous conclusions, following a trajectory
(R0Bm, R
2
0Bλ) in the phase diagram, which may cross the phase transition line several
times. Numerical examples of such realistic processes will be shown in section 2.6. It
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Figure 10. Phase diagram for χ = 5 (left) with second order phase transition, and for χ = 50
(right) with first order phase transition. The colors correspond to the value of log 1/K computed
at each couple of parameters (R0Bm, R
2
0Bλ) by numerically inverting equation (2.42). The deep
blue area corresponds more generally to an oblate ellipsoid (K > 1).
would be very interesting to design future experiments to investigate the predicted
transition. One could for instance use a combination of two fields: one uniform and
the other non-uniform. A very precise control of the increase of the magnetic field at low
field would probably be required, as well as a very good hyperhydrophobic surface (or,
better, an immiscible fluid). We can predict an experimental observation in 4 steps as
the magnet approaches. First, the droplet does not react because the field is below the
initial threshold. Second, the droplet stretches to an aspect ratio which can be quite high
depending on the field configuration. Third, the droplet shape suddenly collapses to an
oblate ellipsoid. Fourth, the aspect ratio slowly decreases until fissions occur. It should
be possible to observe more complicated scenarii with several successive transitions, as
we will see in section 2.6 through a numerical resolution.
To conclude this section, we show a quantitative comparison of our predicted aspect
ratios and the data obtained by Timonen et al. (2013). Figure S4 of Timonen et al.
(2013) provides pictures of droplets submitted to a given field configuration. From these
pictures we estimated the aspect ratio of the droplets and compared it to our theoretical
prediction (taking into account the gradient squared term and the second derivative of
the magnetic field in the term B∇). For the few cases where the number of created
droplets is bigger than 1, we use the generalized formula which will be derived in the
next section. The results, shown in table 1, prove a good agreement, keeping in mind that
the experimental aspect ratios are estimates. It is interesting to notice the discrepancy
for high value of R20Bλ: the theory predicts an oblate ellipsoid (the phase transition has
happened), although the aspect ratio remains bigger than 1 in the observations. This
may be due to neglected contributions, like the inhomogeneity of the demagnetization
which becomes non-negligible for high gradients. A thorough experimental study of
the previously evidenced instabilities remains necessary to properly test our theoretical
predictions, although those first results are encouraging.
2.4. Fate of the spherical droplet
We have seen that when the magnetic gradient increases faster than the uniform
contribution, the aspect ratio eventually reaches 1. The remaining question is the fol-
lowing: what happens next? One may guess that the gradient will continue to flatten
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Ha [kA/m]
∂Ha
∂z
∣∣
0
[kA/m2] χ˜ R0Bm,1 R0Bm,2 R
2
0Bλ 10
3R30B∇ n 1/K exp 1/K theory
7.16 15.9 2.7 2.9 4.0 0.011 0.08 1 1.8 1.4
7.16 398 2.7 2.9 4.0 0.27 50 1 1 1.1
26.3 47.7 0.8 21 54 0.077 0.21 1 5 5.2
26.3 2228 0.8 21 54 3.2 454 7 2.4 2
52.5 103 0.2 37 177 0.2 0.30 1 6 6.6
52.5 5491 0.2 37 177 10.7 838 1 1.8 < 1
54.1 103 0.2 38 185 0.2 0.28 1 6 6.7
54.1 5730 0.2 38 185 11.3 860 2 2 < 1
70.8 135 0.1 43 277 0.28 0.29 1 7.1 6.9
70.8 7958 0.1 43 277 16.4 1000 4 1.6 < 1
101 199 0.07 50 452 0.43 0.3 1 5.9 6.2
101 12335 0.07 50 452 26.5 1200 7 1.7 < 1
Table 1. Experimental data are estimated from the work of Timonen et al. (2013).
Theoretical values are taken from solutions of equation (2.41) in which the term B∇ was not
neglected (numerical resolution without any assumption, also taking into account the varying
demagnetization in F˜M and the variation of χ˜ although they have no significant impact). The
susceptibility of the ferrofluid is χ = 3.3. The initial volume is V0 = 20 µL and the corresponding
spherical radius is R0 = 1.7 mm.
the droplet, transiting from a prolate to an oblate ellipsoid (K > 1). It is not possible
to properly answer this question using the potential (2.39) because it has been derived
assuming a prolate ellipsoidal shape. However, it can be easily adapted using the analytic
continuation of the previous geometrical formula. In particular, the eccentricity, surface,
and demagnetization factor are given by (for the demagnetization, see Beleggia et al.
2006):
e =
√
1− 1/K2 (2.45)
Soblate = 2piR
2
0K
2/3
(
1 +
1
eK2
tanh−1 e
)
(2.46)
N =
1
e2
(
1− 1
eK
arcsin e
)
(2.47)
Discarding again the B∇ term and assuming χ˜ χ, the potential has the same shape
as before:
U˜(K)
R20
=
3
2
R20BλK
−2/3 + foblate(K)− R0Bm
1 +N(K)χ
(2.48)
where
foblate(K) ≡ K−1/3
(
K +
1
eK
tanh−1 e
)
(2.49)
Figure 11 shows the continuation of the plots of figures 8 and 9. It reveals that the
value K = 1 has in fact nothing special and the aspect ratio keeps evolving after the
transition: the gradient indeed keeps flattening the droplet. Moreover, in general, the
previously evidenced first order phase transition happens between a prolate to an oblate
ellipsoid, hence jumps over the spherical shape.
Basically, we therefore identified a transition from a prolate shaped to an oblate shaped
droplet, which should be observable. Note however that we have not yet taken into
Shape and fission instabilities of ferrofluids in non-uniform magnetic fields 19
0.2 0.4 0.6 0.8 1.0 1.2 1.4
 K
1.80
1.85
1.90
1.95
2.00
U˜
/
R
2 0
0.0 0.5 1.0 1.5 2.0 2.5
 K
2.0
2.5
3.0
3.5
4.0
4.5
5.0
5.5
6.0
U˜
/
R
2 0
Figure 11. Left: Evolution of the potential for χ = 20, R0Bm = 5 and, from bottom curve
to top curve, R20Bλ = 0.32, 0.33, 0.34, 0.36, 0.38, 0.42, 0.5, 0.6 (continuation of the plot of figure
9). This shows a prolate-prolate first order phase transition followed by a smooth evolution
from a prolate to an oblate shape of the droplet. Right: Evolution of the potential for χ = 50,
R20Bλ = 1.5 and, from top curve to bottom curve, R0Bm = 15, 18, 20, 21, 22, 24 (continuation of
the plot of figure 8). This shows a prolate-oblate first order phase transition which jumps over
the spherical shape. To improve the readability, a shift has been applied to both plots in order
to have the same value at K = 1.5 (left) and K = 2.5 (right).
account the possibility of the droplet’s fission, which can occur before the prolate-oblate
transition. The study of the fission phenomenon is the purpose of the next section.
2.5. Fission instability
In the previous section we have written the potential of a single ferrofluid droplet
(equation (2.39)). It can be generalized to an ensemble of n droplets of volume V/n and
spherical radius n−1/3R0:
U˜(K,n)
R20
=
8pi2n−1/3R20
3
K−2/3
λ2
+ n1/3f(K)− 2n
−2/3R30
5
B∇K−4/3
1 +N(K)χ˜
− R0
3
(
Bm,1
1 +N(K)χ
+
Bm,2
1 +N(K)χ˜
)
(2.50)
Starting from a single droplet, it is energetically favorable to fission the initial droplet
if the following “rupture condition” holds:
U(K1, n = 1)− U(K2, n = 2) > 2piR20 (2.51)
where  is a phenomenological energy per unit surface taking into account the irreversibil-
ity of the phenomenon. It can be put to zero in first approximation.
Equations (2.50) and (2.51) gather two mechanisms capable of splitting a droplet
of magnetic fluid. When the field is uniform, the last term of equation (2.50) can
trigger the instability through the variation of the demagnetization factor, providing
that the initial volume is sufficiently high. This topological instability in uniform fields
has been evidenced in the experiments by Barkov & Berkovsky (1980) and theorized
by Berkovsky & Kalikmanov (1985) using an energetic approach similar to ours. An
important conclusion of these works is that there exists a minimum initial volume allowing
the fission, typically of order 0.1 mL for usual magnetic intensities and fluid properties
(Berkovsky et al. 1987, 1993; Blums et al. 1997). This is why the splitting effect was not
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observed in the experiments of Timonen et al. (2013), who stated that it is generically
not observable with uniform magnetic fields, which is only true for small droplets. In the
case of droplets of typical volume 10 µL, the variation of the last term of equation (2.50)
is indeed too small to trigger the fission of the initial droplet, and the key mechanism
becomes the magnetic force created by the non-uniformity of the field, i.e. the first term
of equation (2.50).
In the following, we therefore assume for simplicity that K1 = K2, i.e. the aspect ratio
evolves continuously while the fission occurs. We computed that the discontinuity, if it
exists, is less than 0.1, hence does not introduce any significant correction. This implies
that the last term of equation (2.50) is negligible and the fission phenomenon is indeed
observable only when the applied field is non-uniform, as experimentally concluded in
Timonen et al. (2013).
Equation (2.51) reduces to the following condition:
λ2
R20
<
(
4piC(K)
3
)2/3
(2.52)
where
C(K) = 4pi
2
√
2/3
K
(1−2−1/3)3/2
(

σ
+ (21/3 − 1)f(K) + (1− 2−2/3)2R
3
0
5
B∇K−4/3
1 +N(K)χ˜
)−3/2
(2.53)
For B∇ = 0,  = 0, K = 1, C(K) ' 8 and equation (2.52) is the fission criterion
intuited by Timonen et al. (2013): the droplet fissions if the characteristic wavelength is
smaller than the initial diameter.
Starting with a distribution of n droplets of spherical radius n−1/3R0, the rupture
condition becomes:
λ2
R20
< n−2/3
(
4piC(K)
3
)2/3
(2.54)
Theoretically, if this condition holds, we should obtain a distribution of 2n droplets†.
Hence the number of droplets for a given λ is:
n =
⌊C(Kc)
2
V0
λ3
⌋
(2.55)
where V0 is the initial volume of fluid, Kc is the inverse aspect ratio which minimizes the
potential at the fission.
The theoretical number of droplets predicted by equation (2.55) does not depend on
the uniform contributions Bm,1 and Bm,2: the creation of droplets is essentially driven
by the competition between surface tension, which tends to keep a small number of
droplets, and the gradient, which tends to create as much as small droplets as possible.
The squared gradient tends to elongate the droplets: it introduces a correction which
slows down the droplets fission.
The relation n ∝ V0λ−3 is in agreement with the experimental results of Timonen
et al. (2013). They indeed identified this proportionality up to a large number of created
droplets (see figure S2D of the supplementary materials of Timonen et al. (2013)). This
suggests first that the coefficient C(Kc) is only weakly dependent of n, i.e. Kc is an almost
scale-invariant criterion, and second that the contribution from B∇ is small. In first
approximation, the slope of the law n ∝ λ−3 is indeed constant and moreover universal
† In practice there is always one droplet bigger than the others, hence with a bigger R0, hence
which splits first.
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Figure 12. Comparison between our theoretical prediction for the evolution of the number of
created droplets and the experimental data (blue points) taken from Timonen et al. (2013). The
red line shows the agreement obtained with the proportionality law n ∝ λ−3 parametrized using
the corresponding parameters (magnet M3) given in the Supplementary Materials of Timonen
et al. (2013), and with the slope as fitting parameter. The green dashed line show the theoretical
prediction obtained by taking into account B∇ in equation (2.55) and a supplementary global
factor of 0.75.
in the sense that it does not depend on the field configuration or fluid properties. This
explains why the slopes are roughly the same in the vicinity of the origin in figure S2D
of Timonen et al. (2013). We can for instance adjust the experimental data provided by
figure 2C of Timonen et al. (2013), with λ given by equation (2.22) and a free coefficient
as fitting parameter. Figure 12 shows the comparison between these data (blue points)
and the proportionality law (red curve). The global factor is 0.38. This factor can be
theoretically obtained taking  ' 0.5σ in equation (2.51), which means that the energetic
cost of the irreversibility should be about five times less than the total surface tension
energy of the initial droplet, which is big. We will however show in the next section that
the squared gradient contribution, taken into account in the green line fit, brings the
global factor closer to 1.
We observe in Timonen et al. (2013), that the slope of equation (2.55) is in fact
not universal: it weakly depends on the magnet. This is due to the squared gradient
contribution which is not negligible anymore and slows down the fission process. One
can check that the hierarchy of the slopes in figure S2D of Timonen et al. (2013) is
indeed in agreement with the hierarchy of the gradients. For a larger number of droplets,
the proportionality is not even verified anymore: non-linear deviations are observed. The
numerical resolution of the next section will show that those are not due to the squared
gradient contribution. We suspect that they are due to the radial variation of the field in
the horizontal plane since for a large number of droplets the droplets are less confined,
hence not aligned with the center of the magnet anymore.
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Figure 13. Numerical resolution for the evolution of the aspect ratio, obtained by solving
equation (2.41), taking into account both Bm,1 and Bm,2 and also taking into account the
squared gradient and the second magnetic field derivative in B∇. Top: χ = 10, M0 = 320 kA/m.
Left: Ms = 200 kA/m, M0 = 320 kA/m. Right: χ = 40, Ms = 200 kA/m. Between the top and
left plots the red curve is the same. Between the left and right plots the green curve is the same.
2.6. Numerical resolution
In a first part, we solve equation (2.39) numerically in order to obtain the evolution of
the aspect ratio 1/K as function of the field configuration, which evolves when decreasing
the distance between the fluid and the magnet. The squared gradient and second magnetic
field derivative are taken into account in B∇. Bm,1 and Bm,2 are both taken into account
without further assumption. In the first plot of figure 13, we use as input a ferrofluid of
susceptibility χ = 10, surface tension σ = 50 mN/m, density ρ = 2000 kg/m3 and various
saturated magnetizations. The magnetic field is computed using equation (2.2) with a
radius R = 2 cm, a height h = 4 cm, and an intrinsic magnetization M0 = 320 kA/m (e.g.
a ferrite magnet). The droplet has a volume of 10 µL. As the distance d to the magnet is
decreased, for Ms . 140 kA/m, the aspect ratio is observed to evolve continuously, first
increasing as the uniform contribution increases and then decreasing once the gradient
contribution becomes predominant. But for higher values of the saturated magnetization
we see the apparition of a succession of various phase transitions: while the magnet is
approached (from right to left on the plot), 1/K first becomes bigger than one (prolate
ellipsoid) in a second order phase transition and then continuously increases, until R20Bλ
becomes high enough to have a first order phase transition evidenced in figure 9, i.e. 1/K
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Figure 14. Numerical resolution of the evolution of the aspect ratio (solid lines) and the number
of droplets (dotted lines) as functions of λ−3, for an initial droplet of volume 10 µL. This
simulates an approach from d ∼ 8 cm to d ∼ 0.5 cm. Left: the input parameters correspond to the
experiments from the work of Timonen et al. (2013), in the cases of their four magnets described
in the Supplementary materials. The correction factor is 0.75. Right: the input parameters
correspond to our non-diluted ferrofluid and our four magnets described in section 3.2. The
correction factor is 1.35.
collapses to a value smaller than one (oblate ellipsoid). This transition is caused by the
magnetization becoming saturated, hence drastically reducing the increase of the uniform
contribution. Then when the contributions of R0Bm,1 and R0Bm,2 become high enough
again, a second first order phase transition occurs, of the kind evidenced in figure 8, i.e.
1/K suddenly jumps to a higher value, and then decreases again because of the gradient
domination, until becoming again smaller than one.
We did the same kind of simulation but fixing the saturated magnetization at Ms = 200
kA/m, and increasing the susceptibility, while taking the other parameters unchanged.
The results are shown on the second plot of figure 13. We still observe the phase
transitions described above, but the first one becomes first order: for high enough values
of χ, the aspect ratio almost immediately jumps to a higher value (see figure 8).
Finally, after fixing χ = 40, we increase the intrinsic magnetization of the magnet in
the third plot of figure 13. We can see that the two middle phase transitions disappear
while the first first order phase transition remains (the other small discontinuities are
numerical errors).
These numerical results show that taking into account all contributions does not pre-
vent the occurrence of the previously evidenced phase transitions with realistic ferrofluid
and magnet parameters, and should therefore be observable. Furthermore, it shows that
in realistic situations, all the instabilities and phase transitions can appear as coupled or
superposed. Still, it is necessary to check their existence through experimental studies.
In a second part, we focus on a numerical study of the fission behaviour. For a given
field configuration, the minimization of the potential of equation (2.50) with respect to
K gives the droplets aspect ratio for a fixed number of droplets and equation (2.55) gives
the number of droplets for a fixed aspect ratio. We simulated the behaviour of a ferrofluid
droplet submitted to an increased field by numerically solving this system. As inputs, we
used the characteristics of our magnets and magnetization curve (see table 2, figure 16,
figure 15), as well as the characteristics of the magnets and fluid used by Timonen et al.
(2013).
First we need to calibrate equation (2.55). In the case of the magnets of Timonen
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et al., this is done by correcting the numerical solution obtained in the case of their
magnet M3, comparing it to the experimental data of Timonen et al. and the simple
proportionality law plotted in figure 12. The numerical resolution corresponds to the
green dotted line. The fit is obtained by introducing a factor equal to 0.75 multiplying
C(Kc) in equation (2.55). This is equivalent to taking  ' 0.1σ, hence an irreversibility
about 20 times smaller than the surface tension energy, which is realistic and shows
that the loss of energy due to the irreversibility may satisfactorily explain the small
discrepancy between the experimental and predicted factors. In the case of our magnets,
the factor is determined by comparing the numerical resolution to the experiments which
will be performed in section 4.2. We need to multiply C(Kc) by 1.35 (the same factor
for our four magnets). We attribute the difference with the factor 0.75 obtained for the
magnets of Timonen et al. (2013) to the difference of geometry. Since we are working on
a weakly hydrophobic surface, our droplets do not have a proper ellipsoidal shape, hence
global factors are likely to be introduced in all geometrical relations used to derive the
potential (2.28), e.g. equations (2.27), (2.30), (2.32).
Taking into account both factors in the resolution, we obtain the results plotted on the
left in figure 14 for the magnets used by Timonen et al. (2013) and on the right for our
magnets, whose characteristics are detailed in section 3.2. The gradient squared is taken
into account in B∇, and the variation of the demagnetization factor with the droplet
shape is taken into account in Bλ. The neglected quantities are therefore the horizontal
gradient, the higher order derivatives, and the inhomogeneity of the demagnetization.
The eight behaviours from the plots are similar, and allow us to observe four steps.
First: the aspect ratio increases. Second: after reaching its maximum, it starts decreasing.
Third: the fission occurs. Fourth: other fissions occur while the aspect ratio converges
towards a constant value around one. This process perfectly describes the experimental
observation (see movie S1 of Timonen et al. (2013)). It can be understood in a qualitative
way: first the gradient is negligible, hence the shape is driven by the demagnetization
which increases the aspect ratio, exactly as observed by Bacri & Salin (1982); Afkhami
et al. (2010); Zhu et al. (2011). The relevant diagram is the one plotted in figure 7,
with a curve of the blue one type (χ ∼ 5.4). Then the gradient becomes non negligible
and its contribution opposes the demagnetization: the aspect ratio goes backwards and
the droplet flattens. The relevant diagram showing this decrease is the one plotted in
figure 9. Then the gradient becomes so high that it is energetically favorable to create
several droplets, resulting in an increased surface but smaller height. The aspect ratio
then quickly reaches 1 after the first fissions occurred. Eventually, the aspect ratio is fixed
to 1 and the number of droplets converges to the law n ∝ λ−3, with, as explained above,
the same slope in our case (the squared gradient correction is negligible) but different
slopes in the Timonen et al. case (the squared gradient correction is not negligible and
induces a hierarchy). Note that the “Flat Neodymium” magnet is not strong enough to
break the droplet after the first fission.
3. Experimental setup
In this section, after a characterization of our experimental setup, we aim to experimen-
tally check the validity of the fissioning behavior, derived from our theoretical energetic
study, and its dependence on the external parameters such as the fluid’s density, the
droplet’s initial volume, and the magnetic gradient. To do so, we essentially focus on the
first splitting of an aqueous ferrofluid droplet subjected to a magnetic field generated by
various permanent magnets.
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Figure 15. Crosses: experimental magnetization curve. Dotted lines: fit obtained with
equation (3.1), and Ms and χ as fitting parameters.
3.1. Characteristics of the ferrofluid
The experiments are carried out with an aqueous ionic ferrofluid, with Cobalt ferrite
particles (CoFe2O4) with a mean size of about 10 nm (see Neveu-Prin et al. 1993), of
density ρ = 2150±10 kg m−3 and surface tension σ = 50±2 mN/m, provided by Sophie
Neveu (Universite´ Pierre et Marie Curie, CNRS) and Florence Elias (Laboratoire Matie`re
et Syste`mes Complexes, Universite´ Paris Diderot, CNRS). We repeated the experiments
with its 2 times diluted version, of density ρ = 1570 ± 10 kg m−3 and surface tension
σ = 65± 2 mN/m.
The magnetization curve has been measured by the ferrofluid manufacturer using a
vibrating sample magnetometer. It is given in figure 15. The magnetic susceptibility and
saturated magnetization for the non diluted ferrofluid are χ = 5.4 and Ms = 55 kA/m.
The Langevin equation (e.g. Behrens et al. 2009):
M(H) = Ms (cothα− 1/α) , α = µ0mH/(kBT ) = 3χH/Ms
with Ms the saturated magnetization, H the magnetic field, m the magnetic moment
of a particle, kBT the thermal energy of a particle, and χ the initial susceptibility,
describes only approximatively the magnetization curves of our original ferrofluid and its
diluted version. This well-known discrepancy is mostly attributed to the polydispersity
of the fluid, and also to the interactions between the particles in concentrated fluids
(Shliomis 1974; Berkovsky et al. 1993), even if the latter can be taken into account in
more sophisticated models (Ivanov et al. 2007). We chose consequently to fit our data,
as plotted in figure 15, using the Vislovich approximation (Vislovich 1990):
M(H) =
MsH
H +HT
(3.1)
where HT is the magnetic field strength such that M(HT ) = Ms/2. The magnetization
curve of the diluted ferrofluid is obtained by multiplying the one of the non-diluted
ferrofluid by the ratio of the densities (i.e. a factor 0.73). Relation (3.1) is used to deter-
mine the magnetization M(Ha(0)) and the differential susceptibility χ˜ in the theoretical
expressions.
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Type R [cm] h [cm] M0 [kA/m]
Neodymium 1 1 3.1 1011
Neodymium 2 1 2.3 1003
Ferrite 1.25 6 255
Flat neodymium 3 0.5 923
Table 2. Characteristics of the magnets. R: radius, h: width, M0: intrinsic magnetization.
3.2. Magnets
Our experiments were carried out using four different types of axisymmetric permanent
magnets: two piles of neodymium magnets, labeled “Neodymium 1” and “Neodymium 2”,
one pile of ferrite magnets labeled “Ferrite” and one large flat neodymium magnet labeled
“Flat neodymium”. Their respective dimensions are listed in table 2. Their calibrations
are shown in the left plot of figure 16. The values of the magnetic field are measured using
a Hirst model GM07 gaussmeter, for the field on the z axis as a function of the distance
d to the magnet. The fits are obtained using the analytic expression of the magnetic field
created by a cylindrical magnet (e.g. Camacho & Sosa 2013), which is analogous to the
magnetic field created by a finite solenoid:
Ha =
M0
2
(
d+ h√
(d+ h)2 +R2
− d√
d2 +R2
)
(3.2)
with R the magnet radius, h the magnet height and M0 the intrinsic magnetization to
be adjusted. The order of magnitudes for the latter are tabulated: M0 ∼ 950 kA/m for
the neodymium magnets and M0 ∼ 200 kA/m for the ferrite magnet. The values used to
obtain the fits are indicated in table 2.
We can infer from this plot a clear difference between the behaviors of the “Flat
neodymium” magnet and the other magnets. In the case of the “Flat neodymium”, the
gradient is not a monotonous function of d: its maximum value is reached at d = 1.15
cm 6= 0, and it is almost vanishing at d = 0. This difference in the generated magnetic
field predicts, starting from the same theoretical expressions, the observation of clear
discrepancies in the behaviour for small values of d between the different magnets. These
discrepancies should play the role of indicators to check the robustness of our theory in
the experiments.
For our magnets, we typically have:
A
2
d2M
dz2
∼ 0.1 dM
dz
Nχ˜ ∼ 0.1
ρg ∼ 0.2 F˜M
A
2
B∇ ∼ 0.5Bλ (3.3)
where A ∼ 5 mm is the typical height of the droplets. The right plot of figure 16 shows
the ratio of the second derivative and the gradient for a typical height of 5 mm. The
second derivative is in general small but non negligible: it will introduce an observable
correction. It becomes negative for the “Flat Neodymium” magnet for d . 1.2 cm (this
is why, in absolute value, the derivative is discontinuous at d ' 1.2 cm).
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Figure 16. Left: magnetic field strength of our four magnets as a function of the distance from
their surface on the vertical axis. Right: ratio of the second derivative of the magnetic field over
the gradient, for a typical droplet height A = 5 mm.
3.3. Overall procedure
We determined the droplet’s volume thanks to a Denver Instruments Pinnacle scale,
model PI-403, sensitive to 1 mg. We estimated the uncertainty resulting of manipulation
errors to be of about 3 mg. We then placed the droplet on a horizontal support, vertically
aligned with one of our four magnets placed underneath. The support was maintained
using a metal arm and its horizontality was checked using a spirit level. We slowly raised
the magnet using a horizontal lifting plate, being careful to stay as much as possible in
the quasistatic regime, until we observed the fission of the droplet, i.e. two separated
droplets like in figure 6 (c). Note that in figure 6 (b), two non-separated peaks are
observed but this is only due to the large amount of fluid required to get a picture of
the transition. In practice, the splitting occurs quasi instantaneously: when reaching the
splitting instability, an infinitesimal displacement of the approaching magnet is sufficient
to spawn a clearly visible gap between the two daughter droplets (as in figure 6 (c)).
Note that in our experiment this infinitesimal displacement is always smaller than the
uncertainty on the measure of the distance to the magnet (1 mm), so that there is no
ambiguity on the fission criterion.
We can then obtain the distance between the magnet and the fluid at first fission
for a given droplet mass, with a precision of 1 mm. We carried out this experiment for
each magnet with both ferrofluids (diluted and non-diluted), with the exception of the
“Flat neodymium” magnet in the case of the diluted ferrofluid. In this case, the magnet
needed to be approached very close, and the vertical magnetic force in the droplet was
too weak compared to the horizontal magnetic field gradient. The droplet was observed
to move toward the edge of the magnet and split earlier than expected, leading to a huge
discrepancy in comparison with all the other cases, rendering its study irrelevant.
Our surface, made out of a thin polystyrene plastic cup, is not superhydrophobic. Yet,
it is hydrophobic enough for the splitting of the droplets to be clearly observed, and
the created droplets are completely separated, as seen in figure 6 (except figure 6 (b),
which is not representative of our experiments). The additional surface tension term in
the potential is negligible and we will therefore neglect this issue while carrying out the
experiments.
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Figure 17. Initial droplet’s volume as a function of the distance from the magnet at first
fission, compared between the magnets and between the two concentrations of ferrofluid. Each
color corresponds to a specific magnet: blue: neodymium 1, red: neodymium 2, green: ferrite,
black: flat neodymium. Circles: original non-diluted ferrofluid, triangles: diluted ferrofluid. The
theoretical curves are obtained by numerically inverting equation (2.55) and introducing a global
factor of 1.35, while taking into account the squared gradient and second magnetic field derivative
into the term B∇.
In the following, we focus the study on the first fission, measuring the distance between
the magnet and the fluid at first splitting for different initial droplets’ volumes.
4. Results
4.1. Influence of the external magnetic field and concentration
We start by plotting the raw data, i.e. the initial volume of the droplet as a function
of the distance from the magnet when the droplet splits in two daughter droplets (“first
fission”). The results are shown in figure 17. The blue, red, green and black colors
correspond respectively to the magnets “Neodymium 1”, “Neodymium 2”, “Ferrite”,
“Flat neodymium”. The colored areas correspond to the uncertainties on the surface
tension and fluid density, which are parameters of the theoretical expressions. The
theoretical curves are obtained by fixing n = 2 in equation (2.55) (taking into account
the squared gradient and second magnetic field derivative into B∇) and inverting it
numerically to get V as function of the external parameters.
As previously explained, a global factor of 1.35 has also been added in front of C(Kc)
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to fit the experiments, and is attributed to the modified geometry of our droplets, which
affects the expression of the demagnetization factor (equation (2.27)), as well as equations
(2.28), (2.30), (2.31), (2.32),... In any case, this factor is universal for a given geometry, as
seen in our experiments: it does not depend neither on the magnets nor on the properties
of the ferrofluid, and only needs to be calibrated once and for all.
M(Ha(0)) is determined from equation (3.1) fitted by the measurements of figure 15.
dHa
dz
∣∣
0
is determined from equation (3.2) fitted by the measurements of figure 16. We
can see a very good agreement between the theory and the experiments. As expected,
the stronger the external magnetic field gradient, the easier the fission. It is also harder
to split diluted droplets (which get less easily magnetized): for the same initial mass, we
need to approach the magnet closer.
The collapse of the black curve to zero is caused by the second derivative of the
magnetic field, which becomes negative below d ' 1 cm and dominant below d ' 0.5
(see figure 16) and makes the fission easier, until reaching a point where the potential is
not bounded from below anymore, making n to diverge to infinity for any initial volume.
The theoretical prediction therefore breaks down below this distance (only for the “Flat
Neodymium” magnet) as the higher order terms become no longer negligible.
4.2. Universal behaviour
In order to compare the behaviours for the different magnets, we plot the initial volume
of the droplets as a function of the magnetic force (1 + F˜M/ρg) that acts on them when
the first fission (n = 2) occurs. The result is plotted in figure 18. Such plot erases
the differences observed between the magnets in figure 17. For a given ferrofluid, all
experimental points fall on the same straight line on the log-log plot. This verifies again
that in our case the slopes of equation (2.55) are similar for all magnets, and that the
aspect ratio at first fission is roughly the same for all initial volumes, dilution, and
magnets. The theoretical curve for the “Flat neodymium” magnet shows an hysteresis
for high values of F˜M because of the second magnetic field derivative contribution. Note
that there is no experimental point beyond the theoretical breakdown.
Taking only into account the simple proportionality law n ∝ λ−3 (which here essentially
amounts to neglecting B∇), log(V ) should scale as (1+F˜M/ρg)−3/2 whatever the magnet.
This corresponds to the dotted lines in figure 18 (parametrized with a global factor 2.7).
We observe a good correlation when the magnetic force is weak. However, a discrepancy
is observed for higher magnetic forces: a numerical fit of the experimental data gives a
slope of -1.8 for both dilutions. The proportionality law overestimates the magnetic force
needed to fission the droplet. This is because the second derivative of the magnetic field
has to be taken into account when dealing with high magnetic fields (i.e. small distances
between the magnet and the droplet (∼ 1 cm, see figure 16)). Taking into account B∇
by numerically inverting equation (2.55) leads to a very good correlation between the
theoretical expectation and the experimental behavior. The correction is non trivial:
since B∇ counterbalances the gradient, we should expect to need a higher F˜M in order to
fission a given volume, contrary to what is observed. This is because the second derivative
contribution itself depends on the volume through the R30 factor in equation (2.50). If the
volume is huge, then the droplet is a priori easier to fission, but the second derivative
contribution is also higher, then the droplet is also harder to fission. This is why, in the
end, smaller droplets are easier to fission when taking this term into account: the second
derivative contribution has less impact. Of course, all volumes should globally be harder
to fission, hence the dashed lines should be below the solid lines. In fact, this is indeed
the case if the same global factor is taken for both lines. In the plot of figure 18, the
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Figure 18. Universal behaviour for the first fission of a ferrofluid droplet, obtained by plotting
the initial volume of the droplet as a function of the external field applied at first fission. The
colors and symbols are identical to the ones of figure 17. The dashed lines show the behaviour
predicted by the proportionality law parametrized with a global factor 2.7. The solid lines and
grey areas are theoretical predictions obtained by numerically solving equation (2.55) (taking
into account the squared gradient and second derivative) and introducing a global factor of 1.35.
The hysteresis is the theoretical prediction obtained for the “Flat Neodymium” magnet when
taking into account the squared gradient and second derivative but not the higher order terms.
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Magnet Neodymium 1 Neodymium 2 Ferrite Flat neodymium
Vc,theo [µL] [0.18, 0.27] [0.20, 0.31] [1.2, 1.4] [6.6, 8.9]
Vc,exp [µL] < 0.4 . 0.4 [1.2, 1.6] [7.7,8.3]
Table 3. Results for the minimal volume of droplet allowing the splitting phenomenon.
factor 1.35 correcting the solid line is indeed smaller than the factor 2.7 correcting the
dashed line (and closer to 1).
4.3. Minimum reachable droplets’ volume
Figure 17 predicts that it may happen for the initial droplet’s volume to be too small
for a fission to occur: apart from the “Flat Neodymium” case, the theoretical curves do
not converge to zero. We seek here to experimentally check this and further investigate
the behaviour of the “Flat Neodymium” curve at high field, by directly determining the
critical size below which the fission no longer occurs, even when the magnet is in contact
with the ferrofluid (d = 0). To experimentally evaluate this limit size, we created droplets
of decreasing size and tried to fission them.
We keep as the limit value the mass of the biggest droplet for which the fission was
not observed, even at zero distance. As expected, in the case of the “Flat Neodymium”
magnet, the theory breaks down: we experimentally evidenced the existence of a finite
minimum volume which is not predicted on figure 17. This minimum volume (∼ 10 µL)
corresponds in fact to the plateau (where the theory is still valid), between 0.5 and 1
cm. For the other three magnets, in order to compare with the theory, we numerically
solve simultaneously equation (2.41) and equation (2.55), with the field configurations at
d = 0 (highest Bλ and lowest B∇) as input. Focusing on this single configuration allows
a better numerical precision and slightly change the values which can be directly read
on figure 17 (of ∼ 1 µL).
Theoretical and experimental results for the droplets’ minimal volumes are summarized
in table 3. The theoretical interval for the “Flat Neodymium” magnet is obtained by
taking the theoretical minimum value at d = 0.5 cm and the theoretical maximum
value at d = 1 cm. The uncertainty on the other theoretical values comes from the
uncertainty on the surface tension and density. The experiments were repeated several
times to decrease the statistical uncertainty. The minimal volume is of the order of the
tenth of microliter for our most powerful neodymium magnets, of the microliter for our
ferrite magnet, and of the order of ten microliters for our flat neodymium magnet. The
agreement between the theoretical and experimental values is very good for the “Ferrite”
magnet, and good for the “Neodymium 2” magnet, although we reach the limits of our
experimental precision. In the case of the “Flat neodymium” magnet, the agreement is
very good taking the plateau for the theoretical computation.
5. Conclusion
We studied the behaviour of a ferrofluid distribution placed in a non-uniform magnetic
field. We first derived a general potential describing a volume of ferrofluid placed in a
vertical magnetic field gradient, without assuming a specific regime for the magnetization
and not limiting ourselves to the magnetic gradient.
We applied this formalism to specific geometries, first showing how the normal-field
instability of a layer of fluid is modified in presence of a weak gradient, second studying
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the evolution of a ferrofluid droplet. The instability phenomenon observed in the case
of a thin layer of fluid and those observed in the case of a ferrofluid droplet appear as
equivalent, which is quite surprising since we studied the layer within a linear analysis
and the droplet within a geometrical formalism describing a highly curved interface. This
shows that a similar origin underlies all those experimental observations.
Focusing on a single droplet, we derived expressions allowing to predict the evolution
of the aspect ratio and showed a good agreement with the experiments of Timonen et al.
(2013), without any free parameter. We also predicted new aspect ratio instabilities
showing up because of the competition between the uniform field contribution, the
magnetic field gradient, and the surface tension. Those instabilities should be observable
through discontinuities in the evolution of the aspect ratio. In particular we evidenced a
prolate-oblate transition.
We then investigated in details the origin of the fission phenomenon observed by
Timonen et al. (2013), essentially driven by the competition between the magnetic field
gradient and the surface tension. We proved the proportionality law n ∝ λ−3 guessed
by Timonen et al. (2013), which appears as the first approximation of a more general
expression given by equation (2.55). New contributions like the squared gradient and
the second magnetic field derivative introduce small but non negligible corrections which
satisfactorily explain the slope hierarchy observed in Timonen et al. (2013) and, up to a
small global correction, lead to a very good agreement with our own experiments, focused
on the first fission.
A numerical resolution allows to predict the evolution of both the number of droplets
and their aspect ratio. The result describes the observed phenomenon: the droplet
stretches, then flattens a bit, and finally fissions.
The minimal volume of droplet allowing the fission is also in agreement with the
theory, and is of the order of 0.1 µL for our most powerful magnets, i.e. three orders of
magnitude below the minimum volume allowing the fission under an uniform magnetic
field. It is then theoretically possible to use this topological instability in order to create
nanodroplets of ferrofluid using magnetic fields of the order of 0.1 T.
Our work proved that a ferrofluid in a non-uniform magnetic field has a very rich
phenomenology which can be analytically studied. We aimed to understand the funda-
mental mechanisms leading to various experimental observations. We discussed previous
and current experiments, and suggested new possibilities of studies. The predicted phase
transitions in the aspect ratio evolution should be observable. It would also be interesting
to investigate the effects of the horizontal gradient of a magnetic field, which can
in particular induce asymmetries in the fluid distribution. Finally, the understanding
of the fission mechanism may have applications for the creation and manipulation of
nanodroplets of precise size, using combinations of uniform fields and gradients.
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Appendix A. Demagnetization factor in non-uniform magnetic fields
A.1. General formalism
Let us consider a sample magnetized under the influence of an external field Ha. The
total field H inside the sample can be written as the superposition of the induced field
Hd and the applied field:
H = Ha +Hd (A 1)
The field Hd results from the interactions between the magnetized dipoles, which
create a volume current density ∇×M inside the sample and a surface current M ×n
at the surface of the sample.
Maxwell’s equations imply that ∇×Hd = 0, which means that the induced field can
be rewritten as the gradient of a scalar field Φ:
Hd = −∇Φ(r) (A 2)
On the other hand, we have ∇ ·Hd = −∇ ·M , so that the scalar field has to obey:
∇2Φ =∇ ·M (A 3)
which is the Poisson equation for a distribution of charges −∇ ·M . The general solution
can be written in terms of a Green function as:
Φ(r) = − 1
4pi
∫
V
∇′ ·M(r′)
‖r − r′‖ dV
′ (A 4)
which can be rewritten as:
Φ(r) = − 1
4pi
∫
V
M(r′) ·∇′
[
1
‖r − r′‖
]
dV ′ (A 5)
which is the expression given by Newell et al. (1993).
Therefore, the induced field, or demagnetizing field, is given by:
Hd = − 1
4pi
∇
∫
V
M(r′) ·∇′
[
1
‖r − r′‖
]
dV ′ (A 6)
In the case of an uniform magnetization (for uniformly magnetized ellipsoids), equation
(A 6) reduces to a tensorial relation, written with implicit summation as:
Hdi = −MiNij (A 7)
the demagnetization tensor Nij being defined by:
Nij ≡ − 1
4pi
∫
V
∂i∂j
[
1
‖r − r′‖
]
dV ′ (A 8)
If the sample has an ellipsoidal shape and is uniformly magnetized, the tensor is diagonal
† http://france.iptnet.info/
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in the basis given by the three principal axis, hence for an ellipsoid magnetized along one
of the principal axis, the tensor reduces to a scalar, and we obtain equation (2.2).
A.2. Generalization to non-uniformly magnetized samples
We return to the expression of the demagnetizing field given by equation (A 6):
Hd = −∇Φ(r) = − 1
4pi
∇
∫
V
M(r′) ·∇′
[
1
‖r − r′‖
]
dV ′ (A 9)
This has been derived in full generality, in particular it holds for samples in non-uniform
magnetic fields.
Since M(r′) can not be extracted from the volume integral, the computation of Hd(r)
at a given point requires to know the values of M at any point inside the sample.
Importantly, this means that a local relation as:
Hdi(r) = −Nij(r)M j(r) (A 10)
which is the naive generalization of equation (A 7), cannot be exact. It would indeed
imply a loss of information.
The idea is then to rewrite equation (A 6) using the Taylor development of the
magnetization at order n→∞, which amounts to defining an infinity of demagnetizing
fields proportional to the derivatives of the magnetization, hence an infinite series of
demagnetization factors, each of them defined through a volume integral.
We assume that the magnetization is aligned along the vertical axis and depends only
on z: M = M(z)ez. This is a reasonable assumption when considering an ellipsoidal
sample magnetized under the action of an external field Ha = Ha(z)ez, which is the
system we will be considering from here on out. The origin of our coordinates is taken as
the center of the ellipsoid and the axes are along the natural axes of the ellipsoid. The
Taylor expansion can be performed at any point in the sample, since the knowledge of
all derivatives of a given function at a single point is equivalent to the knowledge of the
function at all points:
M(z′) =
∞∑
n=0
(z′ − a)n
n!
∂nM
∂zn
∣∣∣∣
a
(A 11)
Note that M(z′) in z′ is completely encoded by the set of its derivatives in a, which
means that information is conserved and the computation is consistent.
The demagnetizing field therefore reads:
Hd = −
∞∑
n=0
Nn(a; r)
∂nM
∂zn
∣∣∣∣
a
(A 12)
with a a free parameter, and where we defined an infinite “demagnetizing” series of
demagnetization factors:
Nn(a; r) ≡ − 1
4pi
1
n!
∫
V
∂z
[
(z′ − a)n (z
′ − z)
‖r − r′‖3
]
dV ′ (A 13)
Every term of the series is well defined through a volume integral, and can be computed
either analytically or numerically.
A.3. Properties of the demagnetizing series for ellipsoidal geometries
Equation (A 12) is suitable for numerical simulations but not very convenient if one
wants to get analytical results. The goal of this section is to investigate the relevance of
the higher order terms in the expansion.
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We have the following property:
∂Nn+1
∂a
= −Nn(a; z) (A 14)
Hence the following recurrence relation:
Nn+1(a; r) = −
∫
daNn(a; r) + fn+1(r) (A 15)
If the magnetization is uniform, the demagnetizing field is:
Hd(r) = −N0(a; r)M (A 16)
which means that, placing ourselves in the case of an ellipsoidal distribution, N0(a; r) is
constant, and we define:
N0(a; r) ≡ N (A 17)
Equation (A 14) therefore implies that the terms of the demagnetizing series are polyno-
mial in a:
Nn(a; r) =
n∑
k=0
(−a)k
k!
Nn−k(0; r) (A 18)
Since we can express every Nn(a; r) in terms of Nk(0; r) (with k 6 n), let us focus on
Nn(0; r), of which we recall the expression:
Nn(0; r) = − 1
4pi
1
n!
∫
V
∂z
[
(z′)n
(z′ − z)
‖r − r′‖3
]
dV ′ (A 19)
Note that, in our case, the plane (0, x, y) is a symmetry plane. We therefore have:
Nn(0; (x, y,−z)) = (−1)nNn(0; (x, y, z)) (A 20)
Let us consider the average of the demagnetizing field over the magnetized volume:
〈Hd(r)〉V ≡ 1
V
∫
V
dV Hd(r) (A 21)
= −
∞∑
n=0
∂nM
∂zn
∣∣∣∣
a
〈Nn(a; r)〉V (A 22)
We simplify the notation as follows: 〈Nn(a; r)〉V ≡ Nn(a). For n odd, Nn(0; (x, y, z))
is an odd function in z, hence its integral over z vanishes:
∀n odd, Nn(0) = 0 (A 23)
Hence:
∀n even, Nn(a) =
n/2∑
k=0
a2k
(2k)!
Nn−2k(0) (A 24)
∀n odd, Nn(a) = −
(n−1)/2∑
k=0
a2k+1
(2k + 1)!
Nn−2k−1(0) (A 25)
So that the demagnetizing field finally reads, in average:
〈Hd〉V = −M(a)N + ∂M
∂z
∣∣∣∣
a
aN − ∂
2M
∂z2
∣∣∣∣
a
N2(0)− ∂
2M
∂z2
∣∣∣∣
a
a2
2
N −
∞∑
n=3
∂nM
∂zn
∣∣∣∣
a
Nn(a)
(A 26)
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In most cases, it is sufficient to reduce the analysis to the uniform contribution of the
magnetization. The magnetization appears in equation (A 6) as a function of the position:
M = M(r′), but in the case of a sample magnetized only under the influence of an
external magnetic field, e.g. a paramagnetic fluid, the magnetization sees the position
only through the applied field: M = M(Ha) = M(Ha(r
′)), and the n-derivative of M
with respect to the position will be a term of order n + 1 in the applied field, as given
by the Faa´ di Bruno formula. For instance:
∂2M
∂z2
=
∂2M
∂H2
(
∂H
∂z
)2
+
∂M
∂H
∂2H
∂z2
(A 27)
which is usually negligible. Let us therefore restrict the analysis to the first order:
〈Hd〉V ' −
(
M(a)− ∂M
∂z
∣∣∣∣
a
a
)
N (A 28)
' −NM(0) (A 29)
which gives a precise meaning to the self-consistent equation (2.2). It also shows that
equation (2.2) holds at first order when considering averages and taking the magnetization
at the center of the geometry, and finally justifies why we can neglect the other terms,
as they are made up of products of higher order derivatives of the magnetization and the
applied field. Note also that one can consider the magnetization in another point in the
geometry and neglect the correction of order a, generally small compared to the uniform
contribution.
Appendix B. Generalized linear approximation for the magnetization
and higher order magnetic field derivatives
We start by recalling the expression of the magnetic volume potential from equation
(2.1), written with its full dependency for clarity:
d3Um = −µ0
∫ Ha(z)
0
dhaM(H(ha(z))) (B 1)
The goal is to separate this expression into a uniform term, whose effects are known
even outside the linear regime for the magnetization, and a non uniform term integrated
on a small portion of the magnetization curve, so that we can approximate the magne-
tization by its tangent, generalizing the linear regime. We hence split the integral:
d3Um = −µ0
∫ Ha(0)
0
dhaM(H)− µ0
∫ Ha(z)
Ha(0)
dhaM(H) (B 2)
Between Ha(0) and Ha(z), we can approximate the magnetization by its tangent,
providing that for all ha between Ha(0) and Ha(z), H is close to ha, and that Ha(z) and
Ha(0) are also close (if the droplet height is small). Note that this development is also
valid if the second derivative of the magnetization is small between Ha(0) and Ha(z).
In particular, it contains the linear regime and saturated regime approximations. In this
sense, it is a generalization of the linear approximation defined in the origin to any linear
portion of the magnetization curve.
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M(H(ha)) 'M(ha) + (H(ha)− ha) ∂M
∂H
∣∣∣∣
ha
(B 3)
'M(ha)−NM(H(ha)) ∂M
∂H
∣∣∣∣
ha
'M(ha)
(
1 +N
∂M
∂H
∣∣∣∣
ha
)−1
M(H(ha)) '
(
M(Ha(0)) + (ha −Ha(0)) ∂M
∂H
∣∣∣∣
Ha(0)
)(
1 +N
∂M
∂H
∣∣∣∣
ha
)−1
(B 4)
We do the following approximation:
∀ha ∈ [Ha(0), Ha(z)] ∂M
∂H
∣∣∣∣
ha
' ∂M
∂H
∣∣∣∣
Ha(0)
≡ χ˜ (B 5)
which is in general only true on small portions of the magnetization curve, i.e. for Ha close
to Ha(0), i.e. only suitable for the second integral in equation (B 2). χ˜ is the differential
susceptibility.
The magnetization is therefore expressed by:
M(H) ' M(Ha(0))
1 +Nχ˜
+
haχ˜
1 +Nχ˜
− Ha(0)χ˜
1 +Nχ˜
(B 6)
In the usual linear approximation, χ˜ = χ and M(Ha(0)) = χHa(0), and we retrieve:
M(H) =
Ha(z)χ
1 +Nχ
(B 7)
In the saturated regime, χ˜ = 0 implies that the magnetization is indeed constant:
M(H) = M(Ha(0)) = Ms (B 8)
We can finally compute the second integral:
d3Um = −µ0
∫ Ha(0)
0
dhaM(H)− µ0
2
(Ha(z)−Ha(0)) (M(H(Ha(0)) +M(H)) (B 9)
In the linear regime we retrieve equation (2.7):
d3Um = −µ0
∫ Ha(0)
0
dha
χHa
1 +Nχ
− µ0
2
(Ha(z)−Ha(0))
(
χHa(0)
1 +Nχ
+
χHa(z)
1 +Nχ
)
= −µ0
2
Ha(z)χH (B 10)
In the saturated regime we retrieve the expected result:
d3Um = −µ0Ha(z)Ms
Let us now write the magnetic surface potential with this generalized linear regime and
taking into account all higher order derivatives of the magnetic field through its exact
Taylor expansion in z = 0:
Ha(z) = Ha(0) + δHa(z) (B 11)
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where
δHa(z) =
∞∑
n=1
zn
n!
∂nHa
∂zn
∣∣∣∣
0
(B 12)
and then injecting it into equation (B 9), we get:
d3Um = −µ0
∫ Ha(0)
0
dhaM(H)−µ0
2
δHa(z)
χ˜δHa(z)
1 +Nχ˜
− µ0
1 +Nχ˜
δHa(z)M(Ha(0)) (B 13)
We can now integrate:
d2Um[h] = −µ0
∫ h
0
dz
∫ Ha(0)
0
dhaM(H)−µ0M(Ha(0))
∞∑
n=1
∂nHa
∂zn
∣∣∣∣
0
∫ h
0
dz
1
1 +N(z)χ˜
zn
n!
− µ0
2
∞∑
i=1
∞∑
j=1
∂iHa
∂zi
∣∣∣∣
0
∂jHa
∂zj
∣∣∣∣
0
∫ h
0
dz
zi+j
i!j!
χ˜
1 +N(z)χ˜
(B 14)
where N = N(z) is considered non-uniform in order to obtain general expressions also
valid for non-ellipsoidal geometries. Integrating by parts the second term leads to:
d2Um[h] = −µ0
∫ h
0
dz
∫ Ha(0)
0
dhaM(H)+
h2
2
F˜M−µ0
∞∑
n=2
∂nHa
∂zn
∣∣∣∣
0
M(Ha(0))
1 +N(h)χ˜
hn+1
(n+ 1)!
− µ0M(Ha(0))
∞∑
n=1
∂nHa
∂zn
∣∣∣∣
0
∫ h
0
dz
χ˜
(1 +N(z)χ˜)2
zn+1
(n+ 1)!
∂N
∂z
− µ0
2
∞∑
i=1
∞∑
j=1
∂iHa
∂zi
∣∣∣∣
0
∂jHa
∂zj
∣∣∣∣
0
∫ h
0
dz
zi+j
i!j!
χ˜
1 +N(z)χ˜
(B 15)
where
F˜M ≡ −µ0M(Ha(0))
1 +N(h)χ˜
∂Ha
∂z
∣∣∣∣
0
(B 16)
and the total surface potential reads:
d2U [h] =
h2
2
(
ρg + F˜M
)
+ σ
√
1 + (∇h)2 − µ0
∫ h
0
dz
∫ Ha(0)
0
dhaM(H)
−µ0
2
∞∑
i=1
∞∑
j=1
∂iHa
∂zi
∣∣∣∣
0
∂jHa
∂zj
∣∣∣∣
0
∫ h
0
dz
zi+j
i!j!
χ˜
1 +N(z)χ˜
−µ0
∞∑
n=2
∂nHa
∂zn
∣∣∣∣
0
M(Ha(0))
1 +N(h)χ˜
hn+1
(n+ 1)!
− µ0M(Ha(0))
∞∑
n=1
∂nHa
∂zn
∣∣∣∣
0
∫ h
0
dz
χ˜
(1 +N(z)χ˜)2
zn+1
(n+ 1)!
∂N
∂z
(B 17)
The first term is a volume force due to gravity and an additional force due to the
uniform contribution of the gradient. The second term is the usual surface tension term.
The third term is the origin of the normal-field instability. Note that it has been separated
such that it is exactly in the same shape as for a ferrofluid in presence of an uniform field
Ha(0), and plays the exact same role if the demagnetization is assumed to be uniform
inside the fluid (weak gradient or thin distribution limits).
All other terms are non-linear terms. The fourth and the fifth may not be negligible if
the gradient is strong. The sixth term only contains higher order magnetic field derivatives
multiplying hn, n > 3 terms and can usually be neglected, but one can easily include
some of them if needed in order to improve the accuracy of a numerical resolution.
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